A numerical model is presented to study the effects of temperature-dependent viscosity and variable thermal conductivity on mixed convection problem. Two important types of wall heating conditions namely, prescribed surface temperature and prescribed wall heat flux which arise in polymer industries are considered. The problem is solved numerically by using the fifth-order Runge-Kutta Fehlberg method with shooting technique. It is found that the Prandtl number is to decrease the skin friction coefficient, local Nusselt number and local Sherwood number. The effects of non-uniform heat source/sink and porous parameter are analyzed on velocity, temperature, skin friction co-efficient, Nusselt and Sherwood numbers.
Introduction
In recent years considerable attention has been shown on the study of thermal convection in porous media due to its rapid growth in the fluid mechanics research and its importance in petroleum and geothermal processes such as extrusion of plastic sheets, spinning of fibers, polymer sheet extruded continuously from a die and the cooling of metallic sheets in cooling bath. In mixed convection heat transfer takes place under conditions when there are large temperature differences within the fluid, it becomes necessary to consider variable fluid properties in such studies. Sparrow and Lee [1] analyzed the problem of mixed convection about a horizontal circular cylinder. Ali [2] considered the effect of temperature-dependent viscosity on mixed convection heat transfer along a moving surface. The effect of temperature-dependent viscosity and thermal radiation on MHD forced convection over a non-isothermal wedge was investigated by Pal and Mondal [3] . Many applications of convection in porous medium are provided in an excellent book by Nield and Bejan [4] . Abel and Mahesha [5] analyzed the heat transfer in MHD viscoelastic fluid flow over a stretching sheet with variable thermal conductivity, non-uniform heat source and radiation.
In many cases, porous media with high permeability, the viscous effects due to frictional drag at the boundary and the inertia effects within a porous medium become significant (see Chen and Lin [6] ). Tong and Subramanium [7] considered Brinkmann-extended Darcy model to examine the buoyancy effects on free convection in a vertical cavity. Tien and Hunt [8] analyzed non-Darcian effects for a boundary layer flow and heat transfer in porous beds. Singh and Tewari [9] analyzed the effects of thermal stratification on free convection flow in order to study the effects of inertia by considering non-Darcy model. Kazem et al. [10] improved analytical solutions to a stagnation-point flow past a porous stretching sheet with heat generation. Uddin and Kumar [11] analyzed the effect of temperature-dependent properties on MHD free convection flow and heat transfer near the lower stagnation point of a porous isothermal cylinder. The unsteady convective boundary layer flow of a viscous fluid at a vertical surface with variable fluid properties was studied by Vajravelu et al. [12] . The effects of thermal radiation and variable fluid viscosity on stagnation point flow past a porous stretching sheet was studied by Mukhopadhyay [13] . Recently, Mahantesh et al. [14] analyzed the MHD flow and heat transfer over a stretching surface with variable thermal conductivity and partial slip.
A considerable interest has been shown in the study of thermal radiation on convection for heat and mass transfer in fluids due to its significant effects in the surface heat transfer. Further, thermal radiation effects on flow and heat transfer processes are of major importance in the space technology and high temperature processes. Also, the effect of thermal radiation play a significant role in controlling heat transfer in the production of quality product as it depends on the heat controlling factor. Ali et al. [15] have examined natural convection-radiation interaction in boundary layer flow over semiinfinite horizontal surface. Pal [16] investigated heat and mass transfer in stagnation-point flow in viscous fluid over a stretching vertical sheet by considering buoyancy force and thermal radiation. Bataller [17] studied the effects of thermal radiation on the Blasius flow. Later, Magyari and Pantokratoras [18] examined the effect of thermal radiation using in the linearized Rosseland approximation on the heat transfer characteristics in boundary layer flow. Pal and Mondal [19] analyzed combined effects of thermal radiation and heat generation on convection heat transfer of an optically dense viscous incompressible fluid over a vertical surface embedded in a fluid saturated porous medium of variable porosity. EL-Kabeir [20] studied Soret and Dufour effects on heat and mass transfer mixed convection over a vertical surface saturated porous medium. The convective radiation effect from a continuously moving fin of variable thermal conductivity analyzed by Abdul Aziz and Khani [21] . The effect of variable viscosity on mixed convection heat transfer along a vertical moving surface analyzed by Mohamed Ali [22] . Hussain et al. [23] studied the radiation effects on the thermal boundary layer flow of a micropolar fluid towards a permeable stretching sheet. Mohamed Abd El-Aziz [24] studied the temperature dependent viscosity and thermal conductivity effects on combined heat and mass transfer in MHD three-dimensional flow over a stretching surface with Ohmic heating. Ramesh et al. [25] studied the MHD flow of a dusty fluid near the stagnation point over a permeable stretching sheet with non-uniform source/ sink. Sivaraj The main purpose of this study is to examine the effects of non-uniform heat source/sink, temperature-dependent viscosity and variable thermal conductivity on mixed convection boundary layer flow, heat and mass transfer over a stretching sheet in a porous medium in the presence of thermal radiation, and Ohmic heating due to magnetic field as well as electric field. We have adopted two different types of boundary heating conditions namely, the prescribed surface temperature (PST) and the prescribed surface heat flux (PHF), respectively. The non-linearity governing basic equations have led us to adopt numerical solution of the coupled ordinary differential equations. The Darcy-Forchheimer model is used to describe the fluid flow in the porous medium. Highly non-linear momentum and heat transfer equations are solved numerically using fifth-order Runge-Kutta Fehlberg method with shooting technique (Na, [27] ). The effects of Prandtl number, porous parameter and non-uniform heat source/sink are analyzed on the velocity, temperature and concentration profiles as well as on local skin-friction co-efficient, local Nusselt number and local sherwood number are presented in graphical and in tabular form. It is hoped that the results obtained from the present investigation will provide useful information for various industrial applications. Moreover, the temperature profiles decreases with the increase in the variable viscosity parameter, while it decreases with the increase in variable thermal conductivity parameter.
Mathematical formulations
We have considered two-dimensional steady incompressible electrically conducting fluid flow over a continuous stretching sheet embedded in a porous medium. The flow region is exposed under uniform transverse magnetic fields B 0 ! ¼ ð0; B 0 ; 0Þ and uniform electric field E ! ¼ ð0; 0; ÀE 0 Þ.
Since such imposition of electric and magnetic fields stabilizes the boundary layer flow. It is assumed that the flow is generated by stretching of an elastic sheet from a slit by imposing two equal and opposite forces in such a way that velocity of the sheet is of linear order of the flow direction. (see Fig. 1 ). We know from Maxwell's equation that r: B ! ¼ 0 and r Â E ! ¼ 0. When magnetic field is not so strong then electric field and magnetic field obey Ohm's law J
! is the Joule current. The induced magnetic field is assumed to be small. The viscous dissipation and velocity of the fluid far away from the plate are assumed to be negligible. The fluid properties are assumed to be isotropic and constant, except for the fluid viscosity l which is assumed to vary as an in-verse linear function of temperature T, in the form (see Lai and Kulacki [28] ):
Both a and T r are constant and their values depend on the reference state and the thermal property of the fluid, i.e. c. In general, a > 0 for liquids and a < 0 for gases. Consider the uniform flow of fluid with velocity U w through a porous medium bounded by a semi-infinite flat plate parallel to the flow. Also, h r is a constant which is defined by
It is worth mentioning here that for c fi 0, i.e. l = l 1 (constant) then h r fi 1. It is also important to note that h r is negative for liquids and positive for gases.
The flow model is based on the assumption that the flow is steady, incompressible, laminar and the fluid viscosity which is assumed to be an inverse linear function of temperature. The fluid is assumed to be Newtonian and its property variations due to temperature are limited to density and viscosity. We take into account of uniform magnetic field as well as electric field effects in the momentum and thermal boundary layer equations. Under the usual boundary layer approximation, the governing equations describing the conservation of mass, momentum, energy and concentration in the presence of radiation magnetic field and non-uniform heat source/sink can be written as [19] :
Continuity equation:
Momentum equation:
Energy equation:
Conservation of species:
where u and v are the velocity components in the x and y directions, respectively; m 1 is the kinematic viscosity; g t is the acceleration due to gravity; q 1 is the density of the fluid; b T is the coefficient of thermal expansion; b C is the volumetric coefficient of expansion with concentration, T is the temperature of the Effects of temperature-dependent viscosity and variable thermal conductivity on MHD fluid inside the thermal boundary layer and T 1 is the fluid temperature in the free stream. k is the permeability of the porous medium; / is the porosity of the porous medium; C b is the form of drag coefficient which does not depends on the viscosity and other physical properties of the fluid depends on the geometry of the medium. T is the temperature of the liquid, C is the concentration of the species, D is the diffusion coefficient, q is the density of the liquid, C p is the specific heat at constant pressure and j is the thermal conductivity. Thermal boundary layer takes into account the Ohmic dissipation due to the magnetic and electric fields. The thermal conductivity j is assumed to vary linearly with temperature which is of the form
and e is a small parameter. The non-uniform heat source/sink q 000 is modeled as
where A s and B s are the coefficients of space and temperaturedependent heat source/sink, respectively. Here we make a note that, the case A s > 0, B s > 0 corresponds to internal heat generation and that A s < 0, B s < 0 corresponds to internal heat absorption. Following Rosseland approximation the radiative heat flux q s is modeled as,
where r s is the Stefan-Boltzmann constant and k s is the mean absorption coefficient. Let us introduce the wall temperature excess ratio parameter h w ¼ Tw T1 (Pal and Mondal [29] ). Thus using (9), T 4 may be expressed as
The following appropriate boundary conditions on velocity are employed to include the effect of stretching of the boundary surface causing flow in the x-direction as
To solve the governing boundary layer Eqs. (3), (4) and (10) the following similarity transformations are introduced
Substitution of Eq. (14) in Eq. (6) results in a third-order nonlinear ordinary differential equation of the following form
where
is the buoyancy or mixed convection parameter,
is the buoyancy or mixed convection parameter with species,
is solutal Grashof number, / is the porosity of the porous medium and Re x ¼ Uwx m1 is the local Reynolds number. In view of the above similarity transformations, the boundary conditions (13) take the following form:
The important physical quantities of interest are the skin-friction coefficient, C f , which is defined as
and wall sharing stress s w appeared in Eq. (17) is given by
After using the non-dimensional variables given by (14), we finally get the skin-friction coefficient as follows:
where Re x ¼ xUwðxÞ m1 is the local Reynolds number.
PST Case
To solve the thermal boundary layer and concentration Eqs. (10) and (5), we consider non-isothermal temperature and concentration boundary conditions as follows:
where A and B is the parameters of temperature and concentration distribution on the stretching surface, l is the characteristic length. We introduce a dimensionless temperature and concentration variable
HðgÞ ð 21Þ
We obtain the following non-linear ordinary differential equation for h(g) and H(g) as
H 00 þ ScðfH 0 À 2f 0 HÞ ¼ 0
where Pr ¼
3k1k Ã is the thermal radiation and Sc ¼ m1 D is the Schmidt number.
Corresponding thermal boundary conditions become hðgÞ ¼ 1; HðgÞ ¼ 1 at g ¼ 0; hðgÞ ! 0; HðgÞ ! 0 as g ! 1:
ð24Þ
The local Nusselt number which are defined as
where q w is the heat transfer from the sheet is given by
Using the non-dimensional variables (20) and (21), we get from Eqs. (25) and (26) as
The local Sherwood number which is defined as
Using the non-dimensional variables (20) and (21), we get from Eqs. (28) and (29) as
PHF Case
The boundary conditions in case of prescribed power law heat flux is of the form
where E, F is a constant and j = j 1 [1 + eg(g)] (for energy) and j = j 1 [1 + eI(g)] (for concentration). Now we define the non-dimensional temperature g(g) and concentration I(g) as
Using Eqs. (31) and (32) in Eqs. (7) and (8), we obtain the non-linear ordinary differential equation for g(g) and I(g) in the form ðð1 þ gÞ þ Nrf1 þ ðg w À 1Þgg 3 Þg 0 h i 0 þ 1 À g g r Pr½ðfg 0 À 2f 0 gÞ þ Ha 2 E s ðE 1 À f 0 Þ 2 þ 1 À g g r ð1 þ gÞðA s e Àg þ B s gÞ ¼ 0 ð33Þ
q is the scaled Eckert number. Corresponding thermal boundary conditions for g(g) and I(g) are given by g 0 ðgÞ ¼ À1; I 0 ðgÞ ¼ À1 at g ¼ 0 gðgÞ ! 0; IðgÞ ! 0 as g ! 1 ð35Þ
Numerical Method
The coupled ordinary differential Eqs. (15) , (22) , (23), (33) and (34) are of third order in f, and second order in h and H which have been reduced to a system of seven simultaneous equations of first-order for seven unknowns. In order to solve this system of equations numerically we require seven initial conditions but two initial conditions on f and one initial condition each on h and H are known. However, the values of f 0 , h and H are known at g fi 1. Thus, these three end conditions are utilized to produce three unknown initial conditions at g = 0 by using shooting technique. The most crucial factor of this scheme is to choose the appropriate finite value of g 1 . Thus to estimate the value of g 1 , we start with some initial guess value and solve the boundary value problem consisting of Eqs. (15) , (22), (23), (33) and (34) to obtain f 00 (0), h 0 (0) and H 0 (0). The solution process is repeated with another large value of g 1 until two successive values of f 00 (0),h 0 (0) and H 0 (0) differ only after desired significant digit. The last value of g 1 is taken as the finite value of the limit g fi 1 for a particular set of physical parameters for determining velocity f(g), temperature h(g) and concentration H(g) in the boundary layer. After knowing all the five initial conditions we solve this system of simultaneous equations using fifth-order Runge-Kutta-Fehlberg integration scheme with automatic generation of grid size so that convergence can be achieved at a faster rate. Thus, the coupled non-linear boundary value problem of third-order in f, second-order in h and H has been reduced to a system of seven simultaneous equations of first-order for seven unknowns as follows:
and a prime denotes differentiation with respect to g. The boundary conditions now become
Since f 3 (0), f 5 (0) and f 7 (0) are not prescribed so we have to start with the initial approximations as f 3 (0) = s 10 , f 5 (0) = s 20 and f 7 (0) = s 30 . Let c 1 , c 2 and c 3 be the correct values of f 3 (0), f 5 (0) and f 7 (0), respectively. The resultant system of seven ordinary differential equations is integrated using fifth-order Runge-Kutta-Fehlberg method and denote the values of f 3 , f 5 and f 7 at g = g 1 by f 3 (s 10 , s 20 , s 30 , g 1 ), f 5 (s 10 , s 20 , s 30 , g 1 ) and f 7 (s 10 , s 20 , s 30 , g 1 ), respectively. Since f 3 , f 5 and f 7 at g = g 1 are clearly function of c 1 , c 2 and c 3 , they are expanded in Taylor series around c 1 À s 10 , c 2 À s 20 and c 3 À s 30 , respectively by retaining only the linear terms. The use of difference quotients is made for the derivatives appeared in these Taylor series expansions. Thus, after solving the system of Taylor series expansions for dc 1 = c 1 À s 10 , dc 2 = c 2 À s 20 and dc 3 = c 3 À s 30 , we obtain the new estimates s 11 = s 10 + ds 10 , s 21 = s 20 + ds 20 and s 31 = s 30 + ds 30 . Next the entire process is repeated starting with f 1 (0), f 2 (0), s 11 , f 4 (0), s 21 and s 31 as initial conditions. Iteration of the whole outlined process is repeated with the latest estimates of c 1 , c 2 and c 3 until prescribed boundary conditions are satisfied.
Finally, s 1n = s 1(nÀ1) + ds 1(nÀ1) , s 2n = s 2(nÀ1) + ds 2(nÀ1) and s 3n = s 3(nÀ1) + ds 3(nÀ1) for n = 1, 2, 3, . . . are obtained which seemed to be the most desired approximate initial values of f 3 (0), f 5 (0) and f 7 (0) . In this way all the six initial conditions are determined. Now it is possible to solve the resultant system of seven simultaneous equations by fifth-order Runge-Kutta-Fehlberg integration scheme so that velocity, temperature fields and concentration for a particular set of physical parameters can easily be obtained. The results are provided in several tables and graphs.
Results and discussion
Numerical solutions for the effects of thermal radiation on non-Darcy mixed convection heat transfer over a stretching sheet with variable thermal conductivity and temperaturedependent viscosity are investigated in presence of thermal radiation and non-uniform heat source/sink. The set of highly non-linear ordinary differential Eqs. (15) , (22) , (23), (33) and (34) subject to the boundary conditions (16), (24) and (35) constitute a two-point boundary value problem, which is integrated by fifth order Runge-Kutta Fehlberg method with shooting technique. In this method it is important to choose the appropriate finite values of g fi 1. In order to verify the validity and accuracy of the present analysis, results for heat transfer Àh 0 (0) were compared with those reported by Grubka and Bobba [30] for some limiting conditions. The comparison in the above cases is found to be in excellent agreement, as shown in Table 1 . The values of local skin-friction coefficient, local Nusselt number and local Sherwood number are tabulated in Table 2 for various values of local inertia coefficient F * , solutal buoyancy parameter d, Hartmann number Ha, temperature dependent viscosity parameter h r and thermal radiation parameter Nr. It is noted that the values of the local Nusselt number and local Sherwood number decreses and increase in the local skin friction coefficient by increasing the local inertia coefficient and Hartmann number. It is also found that the local Nusselt number and local Sherwood number increases with increase in the buoyancy and viscosity parameter but decreases the local skin friction coefficient. It is also pointed out from this table that increasing the values of thermal radiation parameter is to rise in the values of local Sherwood number whereas reverse trend is seen for local Nusselt number and local skin-friction coefficient. The effect of various physical parameters such as buoyancy parameter, porous parameter, space-dependent and temperature-dependent heat source/sink parameter on velocity, temperature and concentration profiles in PST case and PHF cases are shown in Figs. 2-16. Fig. 2 represents the variations of velocity distribution in the boundary layer for various values of mixed convection parameter or buoyancy parameter k. It is observed from this figure that the velocity distribution increases with increasing the buoyancy parameter k, this is due to the fact that the boundary layer thickness increases with k. Fig. 3 represents the variation of temperature distribution in the boundary layer for various values of mixed convection parameter or buoyancy parameter k. It is observed from these figures that the temperature distribution decreases with increasing the buoyancy parameter k due to the reason that the thermal boundary layer thickness decreases with increase in the buoyancy parameter. Fig. 4 represents the variations of velocity profiles in the boundary layer for various values of porous parameter k 1 . It is observed from these figure that the velocity distribution decreases with increasing the porous parameter k 1 . This is due to increase in the obstruction of the fluid motion with increase in the porous parameter (since permeability of the porous medium appears in the denominator of the porous parameter), thereby increase in the porous parameter indicates decreases in the permeability of the porous medium so the fluid velocity decreases.
The variation of temperature profiles h(g) in the thermal boundary layer in presence of porous parameter k 1 is depicted in Fig. 5 . It is found that the effect of porous parameter is to increase the temperature profile due to the fact that the increase in porous parameter k 1 decreases permeability which results in obstruction in the motion of the fluid due to which there is increase in the temperature in the thermal boundary layer. In other words, temperature increases with increase in the porous parameter due to the resistance offered to the fluid motion in the form of Darcy drag produced by the porous medium. Fig. 6 depicts the effects of non-uniform heat generation A s , B s > 0 or absorption A s , B s < 0 parameter on the temperature distribution. It is observed that there is generation of energy in the thermal boundary layer by increasing the values of A s , B s > 0 (heat source) which causes the temperature of the fluid to increase, which in turn results in further increase of the flow field due to the thermal buoyancy effect. This is the main reason behind the temperature profiles to increase, whereas in the Table 1 Comparison of wall temperature gradient Àh 0 (0) for various values of Pr for Ha = E 1 = E c = A s = B s = e = / = k 1 = F * = k = Nr = Sc = 0.0, h r fi 1, / = 1 with Grubka and Bobba [30] . Pr Grubka and Bobba [ Figs. 9 and 10 exhibit the variation concentration profiles with g for different values of Schmidt number Sc in PST and PHF cases, respectively. It is observed that the effect of increasing the value of Schmidt number is to decrease the concentration of the diffusive species in both PST and PHF cases. Reduction in the concentration of diffusion species due to increase in the Schmidt number can be demonstrated by replacing hydrogen by water vapor and ammonia etc. in the said sequence for both PST and PHF cases. number is not much significant on the behavior of the Sherwood number.
The effect of variable thermal conductivity parameter e on temperature profiles is shown in Fig. 14. It is observed from this plot that increasing the value of e results in increasing the magnitude of temperature due to increase in the thermal boundary layer thickness. Figs. 15 and 16 display results for temperature distribution for various values of viscosity parameter h r in the boundary layer for PST and PHF cases, respectively. It is seen from these figures that the temperature decreases very rapidly with g and its value decreases with increase in h r . Similar trend is seen in the nature of the temperature profiles when temperature decreases with increase in the value of h r . Further, it is observed that the decrease in the temperature with h r is remarkable new to the stretching sheet.
Conclusions
The flow and heat mass transfer for a non-Darcy hydromagnetic flow over a stretching sheet submerged in a viscous fluid -saturated porous medium in the presence of a uniform transverse magnetic field are solved in this study. The resulting partial differential equations were transformed to a set of ordinary differential equations and then these equations are solved numerically using Runge-Kutta-Fehlberg method with shooting techniques. Graphical mode of presentation of the computed results illustrate the details of mass transfer characteristics and their dependence on some physical parameters. The important findings of our analysis are listed below:
(i) Increase in the Schmidt number Sc is to decrease the concentration profile in both PST and PHF cases. (v) Thermal boundary layer thickness decreases due to increase in buoyancy parameter k. (vi) The effect of porous parameter is to decrease velocity and increase temperature profiles throughout the momentum and thermal boundary layer, respectively. (vii) Thermal boundary layer thickness increases due to increase in the variable thermal conductivity parameter e. (ix) The temperature profiles decreases very rapidly with decreases in h r in both PST and PHF cases.
Figure 16
Effect of viscosity parameter h r on temperature profile in PHF case.
